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Abstract. The decoupling technique has been applied to nonlinear composites of coated
spherical inclusions. The method allows us to convert established results in linear composites to
nonlinear ones with identical microstructure. Results are compared with those of the variational
method and hence the quality of the approximation can be examined. For coated spheres with
nonlinear shell embedded in a linear host, the results show that a relatively thin nonlinear
coating may approach the enhancement effects of a solid nonlinear sphere of the same radius
under appropriate conditions.

1. Introduction

Recently, the physics of nonlinear composites has attracted much attention because of their
applications in engineering and physics [1,2]. Over the past few years, much effort has

been devoted to the calculations of the effective response of composites in which two or

more isotropic dielectric materials are randomly mixed together. In these composites the

constituent dielectric functions depend on the applied electric field. The effective response

depends on the applied field as well as on the volume fractions of the constituents and

microstructure. In the case of a three-component composite, large effective nonlinear

response may be obtained for some microstructures in which the nonlinear component
is placed consistently in the high-field regions of the composite.

Nonlinear composites made of coated spherical inclusions embedded in a host medium
have been extensively studied [3-5] because the nonlinearity can be enhanced. For a coated
spherical inclusion with a nonlinear shell, it was shown that a large enhancement can be
achieved per unit volume of nonlinear material [6—8]. These interesting and useful cases
are generally intractable analytically because one has to solve nonlinear boundary-value
problems which involve the detailed microstructure of the composite [1].

The object of the present investigation is threefold. First, previous studies were restricted
primarily to weakly nonlinear composites, in which the nonlinearity can be treated as a
small perturbation [6, 7]. In this work, we want to extend the study to strongly nonlinear
composites [9, 10] of coated spheres. In this case, the usual perturbative approach becomes
invalid [7]. Alternative approaches were developed based on the variational method [10]
and on the decoupling technique [11]. Second, these approaches are generally approximate
[10, 11]. While both approaches are able to convert established results on linear composites
to nonlinear ones with identical microstructure and provide reasonable estimates of the
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effective nonlinear response, we want to compare their results with each other and hence
examine the quality of the approximations. Third, we want to extend the study to coated
spheres with nonlinear shell embedded in a linear host and provide further evidence for the
enhancement of nonlinearity.

The paper is organized as follows. In the next section, we review the established
linear response of spherical inclusions and concentric spheres. Given these results, we
shall generate approximate expressions for the effective response of strongly nonlinear
composites via the decoupling technique. In section 3, we evaluate the strongly nonlinear
response of spherical inclusions by the decoupling technique and compare the results with
published variational calculations. In section 4, we perform similar calculations for the
strongly nonlinear response of concentric spheres. In section 5, we consider some exactly
solvable cases of strongly nonlinear spherical inclusions and concentric spheres with a
nonlinear core embedded in a linear host. In these cases, we demonstrate that the decoupling
technique indeed gives exact results. Lastly, in section 6, we consider concentric spheres
with nonlinear shell embedded in a linear host. Since no available result exists for this case,
we shall perform both the variational and decoupling calculations. Discussions on related
problems will be given.

2. Linear response of spherical inclusions and concentric spheres

In this section, we consider the linear characteristic
D=¢E 1)

where the dielectric constanttakes on different values in the inclusion and host regions.
Let us consider a microstructure consisting of identical coated spheres with a spherical core
of radiusa; and dielectric constard,., surrounded by a concentric spherical shell of radius

a > a1 and dielectric constanrt, suspended in a host mediumeyf, with the application of

an external uniform fieldEo. Without loss of generality, we let, = 1 anda; = y/3 < 1.

The potential can be solved by standard electrostatics:

@c(r, 0) = —cEqr cosd r<a 2)
@s(r,0) = —Eo(fr — gyr?) cosd ay <r < ay ©)
Om(r, 0) = —Eo(r — br=2) cost r > ap 4)

where the coefficients, ¢, f andg are obtained from the boundary conditions:
(€5 — €m) + (€ + 2€4)xy

"= e+ 26 + 26 — ey ©
T+ ZEiE)mfZ;f)— €m)XY ©
3em
f= (€5 + 2¢,,) +62(es — €)XY %
&= (€5 + 26,,,)?—)?”2)263 — €n)Xy ®
and
x = 6; 26 ©)

In the dilute limit, the volumeV; of inclusion is much smaller than the volunme of the
whole composite. Lep = V;/V be the volume fraction of inclusion, we obtain the effective
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linear response of a small volume fraction of coated spheres embedded in a host medium
[7]:
3 m s — Cm m 2 K
R [(€5 — €m) + (em + e;)XY]' (10)
(63 + 2€m) + 2(€s - 6m))cy
In the limit of identical core and shell materials, i€.= ¢, = ¢;, or x = 0, we recover the
well known results for a spherical inclusion of radiusind dielectric constar{ embedded
in a host medium o¢,,:

@;(r,0) = —cEgr cosh r<a (11)
Om(r,0) = —Eo(r — br=?) cos r>a (12)
where the coefficients andc are
€ — €y
b= 13
€ + 2¢,, (13)
3¢,
= 14
‘ € + 2¢p, (14)
The effective linear response is given by
3Em (fi - 6m)
e=€mt+tp—s—. 15
€ em P € + 2€m ( )

The same result can be obtained by lettigg= ¢; and y = 0 (vanishing core) o, = ¢;

and y = 1 (vanishing shell). Given the linear results, we shall generate approximate
expressions for the effective nonlinear response of strongly nonlinear composites via the
variational method [10] and the decoupling technique [11] in subsequent studies.

3. Strongly nonlinear response of spherical inclusions

In this section, we consider the strongly nonlinear characteristic
D = x|E’E (16)

where the nonlinear coefficiemt takes on different values in the inclusion and host regions.
Although we discuss cubic nonlinearity [9—11] for illustration, generalization can readily be
made to arbitrary nonlinearity. Let us consider a spherical inclusion of nonlinear coefficient
xi, embedded in a host medium gf,, with the application of an external uniform fiel.

In the variational approach [10], we used equations (11) and (12) as trial potential functions
and treated the as-yet undetermined coefficiefit = 1 — b) as a variational parameter.

We then minimized the energy functional:

Wlg] = /V D-Edv (17)

with respect tab and obtained approximate results for the effective nonlinear response

In this work, we shall use the decoupling technique [11] by converting equation (15) to
strongly nonlinear response through self-consistent equations. As shown in [10] and [11],
the variational method gives the rigorous upper bound while the decoupling technique gives
the rigorous lower bound for the effective nonlinear response, namely,

xe(decoupling < x.(exach < y.(variationa). (18)

It is clear that the two methods are indispensable for estimating the effective nonlinear
response of intractable boundary-value problems, such as those of strongly nonlinear
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composites. If the two bounds coincide, they both give the exact result. On the other
hand, if the two bounds are tight, the estimates are indeed good approximations.
To proceed, we compute the mean-square local fields in the inclusion and host regions

[11]:

1 9e 3\

Ey="-_"‘Ei=(—"2—) E 19
( l) pBe[ 0 <€i+2€m> 0 ( )

1 de, 2p(e; — €,)(2¢; + €y
_ 1 eEg: pei — €m)(2€; + €1) Eg. (20)
1_]7 86m (1—]?)(61 +26m)2
The local field in the host region is of ordéf, as it must be. We make the following
substitutions:

& = xi(Ef) (21)
€m = Xm(ES) (22)

and solve equations (19) and (20) self- consistently for the mean-square local fields. The
effective nonlinear response can be calculated from equation (15). In figure 1, we plot the
effective strongly nonlinear respongg/ x,, againsty;/x., at a volume fractiorp = 0.08.

The parameters are chosen so as to compare with published variational calculations [10].
Results are presented for the variational method (dotted line) and the decoupling technique
(solid line). The two approximations agree reasonably well especially at low contrast.

(E2)

1.3

1.25 4
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X/ ¥
Figure 1. For spherical inclusions, the effective strongly nonlinear responge,, is plotted
againsty; /x,m at a volume fractiorp = 0.08. Results are presented for the variational method

(dotted line) and the decoupling technique (solid line). The two approximations agree reasonably
well especially at low contrast.

4. Strongly nonlinear response of concentric spheres

In this section, we consider coated spheres with nonlinear coefficientg, and x,, and
calculate the effective strongly nonlinear response. In the variational approach [10], we used
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equations (2)—(4) as trial potential functions and treated the as-yet undetermined coefficients
fandg (b=1— f + gy while c = f — g) as variational parameters. We minimized the
energy functionaW[¢] and obtained the effective nonlinear response. In this work, we use
the decoupling technique [11] and compute the mean-square local fields in the core, shell
and host regions [11]. Note that volume fraction of corg@y while volume fraction of

shell = p(1 — y):

1 de 3em(1—x) 2
E’ = — _‘E2= " E2? 23
B =y he B <<es+2em)+2(q —em)xy> 0 3)
(EZ) — #% 2 — 9631(14-2)(2)1) E2 (24)
T pA—y)dey O [(& + 2€m) + 2(e; — €m)xy]? 0
1 O0e
Ey=_—" ""°F2_1 E?
(E2) T3¢ Lo [1+ O(p)E}
2pE?
— E2 0 — €, 2¢.
Ot L p)l(es + 26m) + 26 — ey L (€ T ) (En 2€0)
+(8€§‘2 — €€ + 263,))6)/ + (263 + 6m)(“’e‘v - em)xzyz]- (25)

[4] 2 4 6 8 10 12
Xs/Xm

Figure 2. For coated spheres, the effective strongly nonlinear respgarnsg, is plotted against
Xxs/xm for x./xs = 8 at a volume fractiorp = 0.08. Results are displayed into two separate
groups: y = (0.99)% (upper curves) ang = (0.2)% (lower curves). In each group, results are
presented for the variational method (dotted lines) and the decoupling technique (solid lines).

Again the local field in the host region is of ordép. We further make the following
substitutions:

€ = Xc‘<E§> (26)
& = x:(E?) 27)
€m = Xm(En21> (28)

and solve equations (23)—(25) self-consistently for the local fields. The effective nonlinear
response can be calculated from equation (10). In figure 2, we plot the effective strongly
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nonlinear responsg, / x,» againsty,/x. for x./xs = 8 at a volume fractiorp = 0.08. The
results are displayed in two separate groups= (0.99)% (upper curves) ang = (0.2)2

(lower curves). The parameters are chosen so as to compare with published variational
calculations [10]. As evident from figure 2, the two approximations agree reasonably well
especially at low contrast. In figure 3, far./x, = 1/8, the results are displayed into two
separate groupsy = (0.2)% (upper curves) ang = (0.99)2 (lower curves). Again the two
approximations agree reasonably well.

13 S

0 2 4 6 8 10 12
X/ Xm

Figure 3. Similar to figure 2 but foryx./xs = 1/8. Results are displayed into two separate
groups: y = (0.2)2 (upper curves) ang = (0.99)% (lower curves). In each group, results are
presented for the variational method (dotted lines) and the decoupling technique (solid lines).

5. Some exactly solvable cases

In this section, we consider some exactly solvable microstructures [12]. First we consider
strongly nonlinear spheres embedded in a linear host with a uniform appliedfjel8ince

the host medium is linear, the effective nonlinear response is weakly nonlinear [13, 14]. In
this case, we let; = x; (E?), where(E?) will be solved from the following self-consistent
equation [11]:

1 de, 3¢, 2
(2 = L0 gz _ (;) E2. (29)
p 0€; Xi{ED) + 2¢,,

As the local fieldE; is uniform in the inclusion, the decoupling scheme [11] is indeed exact.
As a result, equation (29) gives the exact local fightf). Solving (E2) numerically and
putting e, = x;(E?) into equation (15), we obtain the field-dependent effective response
€.(Ep). In figure 4, we plote.(Ep) againstEg for x; = 1, ¢, = 3 at volume fraction

p = 0.08. It is observed that,(Ep) increases monotonically witlEy and saturates

at both low fields £y < 0.1) and high fields £, > 200). The limiting values ok,
agree with those calculated directly from equation (15); we fipnckp — 0) = 2.64

ande, (Eg — oo0) = 3.72 respectively. The effective nonlinear response is strongly field
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Figure 4. For strongly nonlinear spheres embedded in a linear host, the field-dependent effective
response, (Ep) is plotted againsty for x; = 1, ¢,, = 3 at volume fractiorp = 0.08.

dependent. It is also interesting to note that whgn= /3, X,ES = ¢,, the contrast
between inclusion and host vanishes identically and hepeee,,.

For coated spherical inclusions with nonlinear core, weclet x.(E?), where (E?)
can be solved from the following self-consistent equation [11]:

1 de, 3en(l— 2
(B2 = =2 p2 " £ (30)
py aec (65 + 2€m) + 2(63 - Gm)Xy

Again, as the core fiel&. is uniform, the decoupling scheme is exact. Moreover, it can be
shown that the problem of a multi-coated sphere with nonlinear core can be solved exactly
[15]. Solving (E?) numerically and putting, = x.(E?) into equation (10), we obtain the
field-dependent effective responsgEyp). In figure 5, we plotk,.(Eo) against the thickness
parameter for x. = 1, ¢, = 2, ¢,, = 3 at volume fractiorp = 0.08. Results are presented

for Eo = 0.1 and E; = 200. The results for nonlinear spherical inclusions are plotted for
comparison. Asy increases, i.e. from small to large coeg,changes monotonically from

the linear result towards the results of nonlinear spheres in both low and high fields.

6. Concentric spheres with nonlinear shell embedded in linear host
In this section, we consider coated spheres with a linear core and a strongly nonlinear shell,
embedded in a linear host with a uniform applied fidglgl In this case, the variational
approach has to be modified slightly to take care of mixed characteristics [16]:
SWle] = / D-SEdV =0. (31)
Vv

The energy functional is of the form [16]

1 1
Wlg] =f/6|E|2dV~|-f/ x|E|*dv (32)
2 Jv 4Jy
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Figure 5. For coated spheres with strongly nonlinear core, the field-dependent effective response
€.(Ep) is plotted against the thickness parametefor ¢,, = 3 at volume fractionp = 0.08.
Results are displayed into two separate groufig= 200 (upper curves) anflp = 0.1 (lower
curves). The exact results for nonlinear spheres (dashed lines) are plotted for comparison.

and the variational parametefsand g will become field dependent. The field-dependent
effective response can be calculated frontEg) = ¢, + XeEg. In figure 6, we plote, (Ep)
against the thickness paramesefor y, = 1, €. = 2, ¢,, = 3 at volume fractiorp = 0.08.
Results are presented fély = 0.1 and Eqg = 200. ForEg = 200, asy increases, i.e. from

thick to thin shell,¢,(Ep) decreases only slightly from the exact nonlinear sphere result
(y — 0). Wheny — 1 and the shell becomes thia,(Ey) decreases drastically towards

the linear result. The results indicate that a relatively thin nonlinear shell may approach
the effects of a solid nonlinear sphere of the same radius, consistent with the fact that a
large enhancement can be achieved per unit volume of nonlinear coating material [6-8].
A similar conclusion is obtained for lower fields, but at a somewhat thicker coating. For
Eqo = 0.1, asy increases, i.e. from thick to thin shed,(Ey) increases only slightly from

the nonlinear sphere resuly (—~ 0). Wheny — 1 and the shell becomes thig,(Ep)
increases less rapidly towards the linear result.

We are now in a position to convert the effective linear response (equation (10)) to the
field-dependent effective response of a nonlinear shell via the decoupling technique [11].
Let ¢, = XX(E_?), where(ESZ) can be solved from the following self-consistent equation
[11]:

1 €. 9631(14- 2x2y) 2

(E})= ——— ‘Ef= 0
pd—y) de [(€& + 2€) + 2(e5 — €,)xY]?

(33)

In figure 6, we also plot the result ef(Ep) from the decoupling technique for comparison.
As evident from figure 6, the two approximations agree quite well.
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Figure 6. For coated spheres with strongly nonlinear shell, the field-dependent effective response
€.(Ep) is plotted against the thickness parametefior ¢, = 3 at volume fractionp = 0.08.

Results are displayed into two separate groufg= 200 (upper curves) anflp = 0.1 (lower
curves). In each group, results are presented for the variational method (dotted lines) and the
decoupling technique (solid lines) and the exact results for nonlinear spheres (dashed lines) are
plotted for comparison.

7. Discussions and conclusions

Although the present investigation deals with stdlieE response, with slight modifications

the treatments can be readily generalized to finite frequencies. We expect even larger
enhancement of nonlinearity to occur in composites of metallic particles coated with

nonlinear dielectric materials, due to surface-plasmon resonance [3,6]. If the nonlinear
materials are consistently placed in regions of high field, the nonlinear effect should be
enormously enhanced.

In conclusion, the decoupling technique has been applied to nonlinear composites of
coated spherical inclusions. The method allows us to convert effective response in linear
composites to nonlinear ones with identical microstructure. Results are compared with those
of the variational method and good agreements between the two methods are found.
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